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SECTION - I

MEASURABLE SETS

Introduction

In measure theory, a branch of mathematics, the concept of Lebesgue measure, was given by French
mathematician Henri Lebesgue in 1901. Sets that can be assigned a Lebesgue measure are called
Lebesgue-measurable; the measure of the Lebesgue-measurable set A is here denoted by m*(A).

Lebesgue Measure
In this section we shall define Lebesgue Measure, which is a generalization of the idea of length.

1.1  Definition. The length [(1) of an interval | with end points a and b is defined as the difference of
the end points. In symbols, we write.

I() =b- a

1.2 Definition. A function whose domain of definition is a class of sets is called a Set Function. For
example, length is a set function. The domain being the collection of all intervals.

1.3 Definition. An extended real — valued set function p defined on a class E of sets is called
Additiveif A e E,B €¢E,AUB e Eand AnB = ¢,imply

u(AUB) = pu(4) + u(B)

1.4 Definition. An extended real valued set function u defined on a class E of sets is called finitely
additive if for every finite disjoint classes {44, 4, ...., A, }of sets in E, whose union is also in E,

we have

RUZAD = ) u(A)

1.5  Definition. An extended real-valued set function p defined on a class E of sets is called
countably additive it for every disjoint sequence {4,,} of sets in E whose union is also in E, we have

RUELAD = ) (4D

1.6 Definition. Length of an open set is defined to be the sum of lengths of the open intervals of
which it is composed of. Thus, if G is an open set, then

16) = ) 1)

where

G = Uply, Iy, Nly, = ¢ if ny #ny.
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1.7 Definition. The Lebesgue Outer Measure or simply the outer measure m* of a set A is defined as
m*(A) = Aicrll]fan L(In).

where the infimum is taken over all finite or countable collections of intervals {In} such that AcUI,
Since the lengths are positive numbers, it follows from the definition of m* that m*(4) >0.
1.8 Remark: (i) If A € B ,then m*(4) < m*(B) i.e. outer-measure has monotone property.

Proof: By definition of outer-measure, for each € > 0, there exist a countable collection of open
interval {I} such that B < U, I,, and

m*(B) + € > Y, l(1,) ..1)
nowAd € BandB < U, I,
=>Ac U,
m*(4) < Yn L(In)
< m"(B) + €(using 1))
= m*(4) < m"(B) + ¢
but € > 0 is arbitrary, m*(A) < m*(B) hence proved.
(ii) Outer-measure of a set is always non-negative.
1.9 Theorem. Outer measure is translation invariant.

Proof. Let € > 0 be given. Then by definition of outer measure, There exist a countable collection of
intervals {I,} suchthat A c I, and

m* (A) + € >, l(I,).
Now, A < U,(I,,)
=> A + x < Up(Ip + x),
=>m* (A + x)<y, LU, + x) = X I(I,) [length is translation invariant]
<m'A + e
Since e is arbitrary positive number, we have
(2) m (4 + x) <m*(4) (1)

To prove reverse inequality, Let € > 0 be given. Then by definition of outer measure, There exist a
countable collection of intervals {J,,} such that

A+xc UyJ, and
m (A+x)+ € >X, l(J,).
Now, A+x c Up/n
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= Ac Up(n—x)

= m’ (A) —<Zn lUn - x)

2 m" (A) <y, lJ)<m" (A+x) + €

= m* (A) <m*(4 + x) 2

Then Combining (1) and (2), the required result follows.

ie,m" (A) = m"(A+x)

1.10 Theorem. The outer measure of an interval is its length.

Proof. CASE (1) Let us suppose, first | is a closed and bounded interval, say | = [a, b]
To prove: m*(l) = [a, b] =b - a.

Now for each €>0, | =[a, b] < (a - ¢, b+ €) then

by definition of outer-measure

=>m*(l)<f(a-¢ bt+te) < (b+te-ate)

=m*(l)<b-a+2e¢

since ¢ is an arbitrary, m*(I) < b-a= £ () Q)

Now to prove, m*(l) = b-a, then it is sufficient to prove m*(1) > b-a. let {I»} be a countable collection of
open intervals which covering I i.e.

| S Uy, 1,
Yn £ (I,) = b-aforall n € N so it is sufficient to prove that
inf),,#(l,) =b-a

since | = [a, b] is compact, then by Heine Boral theorem, we can select a finite number of open intervals
from this {In} such that their union contains I.

Let the intervals be Ji, Jz, ..., Jp such that U?_, J; 2 [a, b].
Now it is sufficient to prove Y!_, £(J;) = b-a 2

Now a € | = [a, b], there exist open interval J1 = (a1, b1) from the above-mentioned finite no. of intervals
such thata; <a< bthenb; € I.

Again, there exist an open interval (az, b2) from the finite collection J1, Jo, ..., Jp such that a; <b1 < by.
Continuing this, we get a sequence of open intervals

(a1, by), (a2, b2), ..., (ap ,bp ) from Ju, Jo, ..., Jp satisfying a; < bi1 < bi ,i=2,3,.....,p since the collection is
finite so the process must stop with an interval satisfying ap < bp-1 < bp and ap <b < by

Yo l(l) = X0 ()= (a1, br) + £ (az, b2) +.... € (ap, bp)
= (b1 -a1) + (b2 -a2) + ...+ (bp -ap)

=bp + (bp-1 —ap) +...+b1 -a2 — a1
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>bp—a1
> b-a
=>inf ), ¢(I,) = b-a
=>m*(l) > b-a (4)
Hence result is proved in the case when I closed and bounded interval.

CASE (2) let I be bounded open interval with end points a and b, then for every real no. >0 [a+ ¢, b- €]
clclab]

=>m*[a+t ¢, b- €] < m*(l) < m* [a, b]

=> ¢ [at g, b- €] < m*(l) < ¢ [a, b] (by case 1)
=>p- ¢ -a- e< m*(I) <b-a

since ¢ is arbitrary,

we get b-a < m*(I) < b-a

=>m*(I) =b-a.

CASE (3) if I is the unbounded interval, then for each real no. r> 0, we can find bounded closed interval
J c I'such that £ (J)>r

NowJc I =>m* (J) <m*(l)

=L J)<m*(l)

=>m* (I) > r since this hold for each real no. r,

we get m* (I) = oo = £(I)

i.e. outer-measure is of an interval equal to its length.

1.11 Theorem. Let {A,} be a countable collection of sets of real numbers. Then
m*(LA,) < X m*A,.

Proof. Proof. If one of the sets A,, has infinite outer measure, the inequality holds trivially. So suppose
m*{4,} is finite. Then, given € > 0, there exists a countable collection {I,, ;} of open intervals such
that A,, cU; I,,; and

. &
2 l(ln,i) < m*(4,) +2_n
by the definition of m*{4,,}.

Now the collection [I,,;] .= Un [In,i]i is countable, being the union of a countable number of

n,

countable collections, and covers U,, 4, . Thus

m* (U A, ) <Znil(L)
n
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= 2 Zil(Iy, 1)

< (m*(An) + zin)

€

Im*A, + X, om

= X,m'A, + eanin

= JIm'A, + €
Since e is an arbitrary positive number, it follows that
m*(Updyn) < 2m"(4y).
1.12 Theorem. Outer-measure of singleton set of reals is zero

Proof: Let A = {a} Then, since A = {a},{a} S (a —%,a+%) vn € N

* _1 1
2 m*(a) < m*(a n,a+n)
* 2
= m*(a) < -
= 0 < m*(a) s%foreach n.
In limiting case m*(a) = 0.

1.13 Theorem. Outer-measure of null set is zero.

Proof: Since ¢ < (—%%) vn €N

11

> m@)sm(-57)

> mi(p) <=

= 0 <m(¢)=< %for each n. In limiting case m*(¢) = 0.
1.14 Corollary. If A'is countable, m* A = 0

Proof. We know that a countable set is the union of a countable family of singleton. Therefore A = U
[x,,], which yields

m'A = m"[U (x,)] < 2 m" [x,] (by the above theorem)

But as already pointed out outer measure of a singleton is zero. Therefore it follows that
m*A <0

Since outer measure is always a non — negative real number, m* A = 0.

1.15 Remark: The Sets N, Z, Q has outer-measure zero.
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1.16 Remark: Prove that [0, 1] is uncountable.

Proof: Assume on the contrary that the set [0, 1] is countable, then as we know outer-measure of
countable set is zero, then m*[0,1] = 0,i.e,1[0,1] = 0

i.e.,1 = 0, acontradiction. therefore [0, 1] is uncountable.
1.17 Corollary. If m* A = 0,thenm*(A vB) = m*B.
Proof. Using the above proposition

m* " (AuUB)<m*A + mx B

=0+ m'B (1)
AlsoB cA UB
Therefore m* B <m* (A UB) (i)

From (i) and (ii) it follows that
m*B = m* (A UB)

Note:- Because of the property m* (U An ) <X m* A, , the function m* is said to be countably Sub-
additive. 1t would be much better if m* were also countably additive, that is,

ifm*(UA4,) =Ym"A,.

for every countable collection [A,,] of disjoint sets of real numbers. If we insist on countable additivity,
we have to restrict the domain of the function m* to some subset m of the set 2R of all subsets of R. The
members of m are called the measurable subsets of R. That is, to do so we suitably reduce the family of
sets on which m* is defined. This is done by using the following definition due to Carathedory.

1.18 Definition. A set E of real numbers is said to be m* measurable, if for every set A € R, we have
m"A =m"(ANE) + m*"(ANE®)
SinceA=(AnE)uU (ANE,
It follows from the definition that
m'A=m"[(ANE)U(ANE )] <sm"(ANE) + m" (ANE®)
Hence, the above definition reduces to:
A set E € R is measurable if and only if for every set A € R, we have
m* A >m* (A N E) + m* (AN E°.
For example ¢ is measurable.
1.19 Theorem. Prove that ¢ is measurable set.
Proof: Let A be set of reals, then m* A =m* (A N E) + m* (A N E®)
PUtE=¢
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m* (Ang)+m*(An¢)=m*(¢p)+m*(AnR)
=0+m*A

=m* A
This implies ¢ is measurable.
1.20 Theorem. Prove that R is measurable set.
Proof: Let A be set of reals, then
m* A=m* (ANE)+m*(ANE°
PutE=R
m* (A NR) + m* (A "R =m* (A) + m* (A N¢)

=m* (A) +m* (¢)

=m*A+0

=m* A
This implies R is measurable.
1.21 Theorem. If m* E =0, then E is measurable.
Proof. Let A be any set. Then A N E c E and so

m*(ANE)<m*E=0 Q)
Also A > A n EF, and so
m* A>m* (AN E®) =m* (AN E®) +m* (ANE)

as m* (AN E)=0by (i)
Hence E is measurable.
1.22 Theorem. Every subset of E is measurable if m* E = 0.
Proof: Let F be any subset of E, where m* E = 0.
thensince F C E
this implies m* F <m* E
this implies m* F <0
Alsom* F>0
therefore m* F =0.
this implies F is measurable.
1.23 Theorem. Every singleton set is measurable.

Proof: Since outer measure of singleton set is zero and set of measure zero is measurable. Therefore,
singleton set is measurable.



8 Measure and Integration Theory

1.24 Theorem. Every countable set is measurable.

Proof: Since outer measure of countable set is zero and set of measure zero is measurable. Therefore
countable set is measurable.

1.25 Theorem. If a set E is measurable, then so is its complement E°.

Proof. The definition is symmetrical with respect to E®, and so if E is measurable, its complement E° is
also measurable.

1.26 Theorem. Union of two measurable sets is measurable.

Proof. Let E1 and E> be two measurable sets and let A be any set. Since E> is measurable, we have

m" (ANE;) = m"(ANE{ NEy) + m*"(ANEf NE3) Q)

and since A N (E; VE,) = (ANE)U[ANE;NES ] (i)
Therefore by (ii) we have

m'[A N (E;UE)] sm" (ANE,) + m"[ANE, NEf ] (iii)
Thus

m* [AN(E,UEy)|+ m* (ANEf NES)

<m" (ANE))+ m"(ANE, VE{)+ m* (ANEf NES)
= m*(ANE;) + m* (ANE{) (by (i)

< m* A (since E; is measurable)

ie.m* (AN (ErUE2))+m* (An (E1UE2)Y) <m*A
Hence E; U Ez is measurable.

If E1 and E2 are measurable, then E1 M Ez is also measurable.

In fact we note that Ei1, E> are measurable = Ey ,E5 are measurable = Ef E° is measurable =
(Ef VES )¢ = E; NnE, is measurable.

Similarly, it can be shown that if E; and E> are measurable, then Ef » E5 is also measurable.
1.27 Lemma. Difference of two measurable sets is also measurable.

Proof: Let E: and E> be two measurable sets. Then ES is measurable and hence
Ei1NES = E;- E,is measurable, being the intersection of two measurable sets.

1.28 Definition. Algebra or Boolean Algebra: - A collection A of subsets of a set X is called an
algebra of sets or a Boolean Algebra if

(i) A BeA=>AUBeA
(i) AeA=>AcA
(ili)  For any two members A and B of A, the intersection A N B isin A.

Because of De Morgan’s formulae (i) and (i1) are equivalent to (i1) and(iii).
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It follows from the above definition that the collection M of all measurable sets is an algebra. The proof
is an immediate consequence of Theorems 1.25 and 1.26.

1.29 Definition. By a Boolean ¢ - algebra or simply a o - algebra or Borel field of a collection of sets,
we mean a Boolean Algebra A of the collection of the sets such that union of any countable collection of
members of this collection is a member of A.

From De Morgan’s formula an algebra of sets is a o - algebra or Borel field if and only if the
intersection of any countable collection of members of A is a member of A.

1.30 Lemma. Let A be any set, and Ey, E,, ..., E, a finite sequence of disjoint measurable sets. Then
m* (AN U E]) = Zm'(ANE)
Proof. We shall prove this lemma by induction on n. The lemma is trivial for
n=1. Letn> 1 and suppose that the lemma holds for n — 1 measurable sets E;.
Since En is measurable, we have
m* (X) = m* (X NE,) + m* (X nE, ) forevery set X e R.
In particular we may take
X = AN[UM, E.
Since Ey, E,, ..., E, are disjoint, we have
XNE, = AN[ULE]NE,=ANE,
XNES = AN[UY E 1NEE = AN ([UL! E]
Hence, we obtain m* X = m*(A NE,) + m*(A N [UT'E;]) (i)

But since the lemma holds for n - 1 we have
n—1

m(ANLUSED = ) m'(ANE)

i-1
Therefore (i) reduces to

m'X = mx(ANE,) + Z'm*(ANE)
= X m"(ANEy.

Hence the lemma.

1.31 Lemma. Let A be an algebra of subsets and {E; | i € N} a sequence of sets in A. Then there
exists a sequence [D; | i € N] of disjoint members of A such that

Di CEi (l EN)
UienD; = UienE;



10 Measure and Integration Theory

Proof. For every i € N, let
D, = E,— (EyUE,U... .. VEL_1)

= (E, N(E{UE,U...... VE,_1))¢
= E,NnE,“NE, N NE,_4

Since the complements and intersections of sets in A are in A, we have each D,, € A. By construction,
we obviously have D; cE; (i e N)

Let Dn and Dm be two such sets, and suppose m < n. Then Dm < Em, and so
Dm N Dnc Emn Dy

= Epm NEZ,NEH o . ES N . NES_; (using (1)

= (EpxNES) D= @ e, = ¢

The relation (i) implies U; .yD; c Uien E;

It remains to prove that

UienDioUienE;

For this purpose let x be any member of U;cyE;. Let n denotes the least natural number satisfying X e
En. Then we have

X EEn - (El UEzu ...... UETL—I) = DTL CUiENDn'
This completes the proof.
1.32  Theorem. The collection M of measurable sets is a ¢ - algebra.

Proof. We have proved already that M is an algebra of sets and so we have only to prove that M is
closed with respect to countable union. By the lemma proved above each set E of such countable union
must be the union of a sequence {D,, } of pairwise disjoint measurable sets. Let A be any set, and let

E, = U; D; cE. Then Ey is measurable and E5 D E€ . Hence
m*A = m*(ANE,) + m*(ANES) >m*(AE,) + m*(A NES).
But, by lemma 1.30,
m*(ANEy) = m'[A~Uie D) = I m*(AND)
Therefore,
m*A>X, m"(AnD;) + m*"(ANE®)
Since the left hand side of the inequality is independent of n, we have
m*A>22 m*"(AnD;) + m*"(ANE°)
>m* (U2, [A nD;]) + m*(A nE®) (by countably subadditivity of m*)

= m*"(ANUZ, D;) + m"(ANE®)
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= m*(A "E) + m*(A NEL).

which implies that E is measurable. Hence the theorem.
1.33 Lemma. The interval (a, « ) is measurable
Proof. Let A be any set and

A, = An(a, o)

A, = An(a, o) = AN(— «,al.

Then we must show that
m*A; + m*A, <m" A

If m*A = oo, then there is nothing to prove. If m* A < oo, then given € > 0 there is a countable
collection {I.} of open intervals which cover A and for which

SI(L) sm* A + €

Let I, = I, n(a,©)and I, = I, n(—c,a). Then I, and I, are intervals (or empty) and I(I,)) =
L) + Uy = m*(I,) +m*(Iy)

Since A, cUI,, we have

m* A, <m*(UL,) <X m* 1, (i)
and since, 4, < U I,,, we have

m* A, <m*(UI,)<Xm*1I,, (iv)
Adding (iii) and (iv) we have

m'A +mA, <Im'l, + <Xm'I,

S(m I, + <m*I,)

= 21(L,)  [by (iD)]

<mA+ e [by(D)]

But € was arbitrary positive number and so we must have m* A; + m* A, <m™ A.

1.34 Definition. The collection 3 of Borel sets is the smallest ¢ - algebra which contains all of the
open sets.

1.35 Theorem. Every Borel set is measurable. In particular each open set and each closed set is
measurable.

Proof. We have already proved that (a, «) is measurable. So we have
(a, )¢ = (—o0,a] measurable.
Since (—o0,b) = U2, ((—oo,b —%]) and we know that countable union of measurable sets is

measurable, therefore (- «, b) is also measurable. Hence each open interval,
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(a,b) = (—0,b) N (a, o) is measurable, being the intersection of two measurable sets. But each open
set is the union of countable number of open intervals and so must be measurable (The measurability of
closed set follows because complement of each measurable set is measurable).

Let M denote the collection of measurable sets and C the collection of open sets. Then

C < M. Hence 3 is also a subset of M since it is the smallest ¢ - algebra containing C . So each element
of B is measurable. Hence each Borel set is measurable.

1.36 Definition. If E is a measurable set, then the outer measure of E is called the Lebesgue Measure
of E, is denoted by m. Thus, m is the set function obtained by restricting the set function m* to the
family M of measurable sets. Two important properties of Lebesgue measure are summarized by the
following theorem.

1.37 Theorem. Let {E,,} be a sequence of measurable sets. Then
m(UE;) <XmE;
If the sets En are pairwise disjoint, then

m(UE;) = X mE;.

Proof. The inequality is simply a restatement of the sub-additivity of m*. If {E; }is a finite sequence of
disjoint measurable sets. So we apply lemma 1.30 replacing A by R. That is , we have

m* (R AUPE] = 514 m* (R AE)
n
m*(UPE) = ) m'E,
i

and so m is finitely additive..

Let {Ei} be an infinite sequence of pairwise disjoint sequence of measurable sets. Then
And so U2, E; o UL E,

mUZ E) >mUG -y E) = 22, mE;

Since the left-hand side of this inequality is independent of n, we have

mUZ,E) = X2, mE;

The reverse inequality follows from countable sub-additivity and we have

m(U2,E) = 22, mE;

Hence the theorem is proved.

1.38 Theorem. Let {En} be an infinite sequence of measurable sets such that E,,,, < E,, for each n.

Let mE; < o. Then
m(' |En> = lim mE,
n—oo

n=1



Measurable Sets 13

Proof. Let E = NjZ, E;and let F; = E; — E;_;. Then since {En} is a decreasing sequence. We have
n Fi = (I) .

Also we know that if A and B are measurable sets then their difference A —B = ANB® is also
measurable. Therefore each Fi is measurable. Thus {Fi} is a sequence of measurable pairwise disjoint
sets.

o0 0

Now | Jr=|J&i-Ew

i=1 i=1

= E; n (U EY)

= E; N <ﬁ Ei>c

i=1
== E1 N EC
- El - E

Hence

= Yizy m(E; — Ej;1) = m(E, — E) o (@)
Since E; = (E; — E) UE, therefore
mE; = m(E; — E) + m(E)

= mE; — mE =m(E; —E) (since mE < mE; <o) ... (ii)

Again
Ei = (Ei —Eij4+1) UEjq
= mE; = m(E; — Ej;1) + mEjy,
= mE; — mE;;; = m(E; — E;;;) (since E;;; € E;) ... (iii)

Therefore (i) reduces to

mE; — mE = )2, (mE; — mE;;;) (using (ii)and (iii))
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[ee]

= lim ) (mE; — mE;;,)
n—-oo
i=1

= lim[mE; — mE, + mE, — mE; ...— mE ;4]

n-—-oo

= lim[mE; — mE, 4]

n—-»oo

= mE; — rlli_r)?oEn+1

= mE = limmE,

n—oo
= m(NZ, E) = limmE,

1.39 Remark. Show that the condition m(E1) <co is necessary in the above theorems.

Solution. Let En = [N, «)

Then, E1= [ 1,00)

=m(E1) =m[1, ©) = oo

We show that the proposition of decreasing sequence does not hold in this case i.e. we want to show that

M(N7=y Ep) # lim (Ey)

Clearly, E,,; c E, foralln

Now, E, =[n, ) D [n, 2n]

= m(E,) =m[n, 2n] =n

= m(E,) =n

= limm(E,) = « (1)
n—-oo

Now, we claim that m(n}-; E,) = m(N,-; [n,))=0

For if, n,_; E,, # ¢ = thereexists x en;;_; E,

= X € [n,o)foralln e N

Let xe R, so by Archmedian property, we can find a positive integer n, such that
ng<x<ny+1

=  X€&[ng+ 1, «), a contradiction

2051 B = ¢

= m(Ny=, E,) =0 2

From (1) and (2), we have

m(N5=; E,) # lim(E,)
n—-oo
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S0, theorem does not hold in this case.

1.40 Theorem. Let {En} be an increasing sequence of measurable sets. i.e. a sequence with E,, C
E, .4 for each n. Let mE: be finite, then

m (U EL-) = limmkE, .
n—-oo

i=1

Proof. The sets E1, E>- E1, Es- Eo, ..., En- En+1 are measurable and are pairwise disjoint . Hence

is measurable and

But

E1 U (Ez _El) U -

Moreover,

Thus we have

E;U(E,—E)U..U(E,—E,_1) U ..

m[E; U (E, —E;) U ..U(E, —E,_1) U ..]

n
=mkE; + zm (E; — Ei-1)
=2
n

=mE; + lim ) m(E; —E;_;)
n—-oo
i=2

U (E, —E,_1) U ...is precisely UL, E,,

n n
Z m(E; —Ei_y) = Z(mEi —mE;_;)
i=2 i=2

= (mE, — mE,) + (mE; — mE,) + -+ (mE, — mE,_,)

= mkE, — mE;

= mkE; + lim[mE,, — mE;]

n—-oo

m

e
i=1

= lim mE,

n—-oo

1.41 Definition : The symmetric difference of the sets A and B is the union of the sets A-B and B-A .
Itis denoted by AB .

1.42 Theorem. If m(E; AE,) = 0 and E1 is measurable, then E> is measurable. Moreover mg; =

mE; .

Proof . We have

E2=[E; U (E; — E))] — (E1 — E3) (1)
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By hypothesis, both E> — E1 and E1 — E2 are measurable and have measure zero. Since E; and E>-E1 are
disjoint, E; U (E, — E;) is measurable and

m[E, U (E, — E;)] = mE; + 0 = mE,. But, since
E,—E, c[E; U (E; — Ey)],
it follows from (i) that E> is measurable and
mkE, =m[ E; U (Ey — Ez)] —m(E; — E3)
=mE; — 0 =mE;.
This completes the proof.

1.43 Definition. Let x and y be real numbers in [0,1]. The sum modulo 1 of x and y , denoted by
0
x + y,isdefined by

0 _{ x+yifx+y<1
X ty= x+y—-1lifx+y =1

0
It can be seen that + is a commutative and associative operation which takespair of numbersin [0,1) into

numbers in [0,1).

If we assign to each x € [0,1) the angle 2mx then addition modulo 1 corresponds to the addition of
angles.

If E is a subset of [0,1), we define the translation modulo 1 of E to be the set

0 0
E+y=[z|z=x+yforsomexeE].

If we consider addition modulo 1 as addition of angles, translation module 1 by y corresponds to rotation
through an angle of 2my.

We shall now show that Lebesgue measure is invariant under translation modulo 1.

1.44  Definition. Let x and y be real numbers in [0,1). The sum modulo 1 of x and y, denoted by
0
+ 1y, is defined by

0 .
<1
X 4 ={ x+yifx+y

x+y—1lifx+y =1

0
Clearlyx + y €[0,1)
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0
It can be seen that + is a commutative and associative operation which takes pair of numbers in [0,1)

into numbers in [0,1).
1.45 Definition. If E is a subset of [0,1), we define the translation modulo 1 of E to be the set

0 0
E+y=[z|z=x+yforsomexe€E].

We shall now show that Lebesgue measure is invariant under translation modulo 1.
0
1.46 Lemma. Let E c [0,1) be a measurable set. Then for each y € [0,1) the set E + y is measurable

0
andm (E +y) = mE.

Proof. Let E;= EN[0,1—y) and E2 = E n[1 —y,1). Then E1 and E are disjoint measurable sets
whose union is E, and so, mE = mE; + mEa.

we observe that

0 0
Ey +y={x +y:x€E}

_ x+yifx+y<1

_{x+y—1ifx+y > 1, X €
But for x € E;, we have x + y <1 and so

0
E, +y={x+yx €E;}=E  +y.
0
and hence E; + y is measurable. Thus
0
m(E; +y) =m(E; +y) = m(Ey),
0 0

since m is translation invariant. Also E, + y = E, + (y—1) and so E, + y is measurable and

0
m(E, + y) = mE,. But

0 0 0
E+y=(E1 +y)VU(E; +y)
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0 0 0
And the sets (E; + y) and (E, + y) are disjoint measurable sets. Hence E + y is measurable and

0 0 0
m(E +y) =m[(E; +y) VU (E; +y)]

0 0
=m(E; +y)+m(E; +y)

= m(Ey) + m(E)
= m(E).
This completes the proof of the lemma.
1.47 Theorem: Prove that there exists a non-measurable set in interval [0,1).

Proof: First we define an equivalence relation in the set 1= [0,1), By saying that x and y are equivalent
i.e., x ~ y ifand only if x-y is a rational number.

If X-y is a rational number, we say that x and y are equivalent and write x-y. It is clear that x ~ x; x ~
y=y~xandx ~Yy,y~z = x ~ z.Thus ° ~’ is an equivalence relation in .

Hence the relation ~ partitions the set | = [0,1) into mutually disjoint equivalence classes, that is, classes
such that any two elements of one class differ by a rational number, while any two elements of different
classes differ by an irrational number.

Construct a set P by choosing exactly one element from each equivalence classes. Now we claim that P
IS a non-measurable set.

0
Let <r; > i :0 be a sequence of the rational numbers in [0,1) with ro = 0 and define Pi = P + ri.

(translation modulo 1 of P)

Then Po=P.

We further prove that (i) P, N P; = @,i # j.
(i) Un P, =1[0,1)

Proof: (i) Let , N P; # @,i # j.

Letx € bNP.=>x € Pandx € P;

0
Thena p;,p; € P such that x = p;+1;
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0 0
= pitr =t

= p;-pj = 1;— 1; s a rational number.
= p;~pjis arational number.

1.€., Pi~Dp;j
=>p; and p; are in same equivalence class.

But P has only one element from each equivalence class, therefore we must have p; = p;i.e.,i =j

But # j . Hence a contradiction.

Hence P, N P; # @,i # j.

that is, < Pi>is a pair wise disjoint sequence of sets.

(ii) Clearly each P, c [0,1)

U; P; c [0,1). Let x be any element of [0, 1) = I

But | is partitioned into equivalent classes therefore x lies in one of the equivalence classes.

X is equivalent to an element say y of P.
X-y is a rational number say r;.
X-Y =i
X=Y I
0
= y + ;.

44333

0
XEP+Ti

= XE Pi
= X isinsome P;.

Therefore [0,1) € U P;
i

therefore,[0,1) = U p;.
i

Now we prove P is non-measurable.
Assume that P is measurable, then clearly each Pi is measurable.

0
And m(Pi)) =m <P + ri)

=m(P) for each i.
Therefore, m(U; P;) = Y;m(P;) = Xi20(P)
_{ 0 ifm(P)=0
o ifm(P)>0
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But

m (U Pi) =m[(0,1)] = 1(0,1) = 1, contadiction.
i
Therefore P is non — measurable set.

1.48 Example. The cantor set is uncountable with outer measure zero.

Solution. We already know that cantor set is uncountable. Let C, denote the union of the closed
intervals left at the nth stage of the construction. We note that C, consists of 2" closed intervals, each
length 37™. Therefore

m*'C, <2™3™" (~mC,=m(UE) = Zm*Fn)

But any point of the cantor set C must be in one of the intervals comprising the union Cy, for each n €
N, and as such C c C, forall n € N. Hence

n

m'C <m*C, < (g)
This being true for each n € N, letting n - oo gives m*C = 0.
1.49 Example. If E;1 and E2 are any measurable sets, show that
M(E,UE,)+m(E;NE,) =m(E;) + m(E,).
Proof. Let A be any set. Since E; is measurable,
m'A=m"(AnE;) +m*(4nE°).
We set A = E; U E, and we have
m*(E; U Ey) = m*[(Eq U Ey) N E;] + m*[(E; U E) NE;“]
Adding m(E; U E,) to both sides we have
m(E; UE,)) +m(E;NE,) =mE; + m*[(E; UE,) NE;°] + m(E; N E,) ...(1)
But
E, = [(E;VE) NE°] U (E U E).
Therefore
m{[(E; U E;) N E;°] U (E; UE,)} = mE,

Hence (1) reduces to

M(E,UE,)+m(E;NE,) =m(E;) +m(E,).
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1.50 Theorem. Let E be any set. Then given € > 0, there is an open set O > E such that m*0 <
m'E+ €.

Proof. There exists a countable collection [ In ] of open intervals such that

E c U,I,and
Z I(I) <m"E+€.
n=1
put 0 = U |
n=1

Then O is an open set and

= Z 1(I,) < m"E+€.
n=1

1.51 Theorem. Let E be a measurable set. Given €> 0, there is an open set
O D E such that m*(O\E) < €.
Proof. Suppose first that m E < co. Then by the above theorem there is an open set O o E such that
m'0 < m'E+ €
Since the sets O and E are measurable, we have
m*(0O\E) =m0 - m'E < €.

Consider now the case when m E = oo . Write the set R of real number as a union of disjoint finite
intervals; that is,

Then, if En = E N In, m(En) < oo . We can, thus, find open sets 0,, © E, such that

€
m*(On - En) < ﬁ

Define O = U O, . Clearly O is an open set such that O D E and satisfies

n=1
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0—E=DO 00 —E,)

n=1
Op
11— ) <€E.
m (En>

Mg ||C8

m*(0—E) <
1

=]
1l

1.52 F; and Gg Sets:

A set which is countable(finite or infinite) union of closed sets is called an Fs sets. Note: The class of all
Fs sets is denoted by Fs. This F stands for ferme(closed) and o for summe(sum).

Example: 1. A closed set.
2. A countable set
3. A countable union of Fy set.

4. An open interval (a, b) since
(a,b) = UpZila+ % b — %]and hence an open set.
Gs- set:

A set which is countable intersection of open sets is a Gs set.

Note: The class of all Gs sets is denoted by This G stands for region and &for intersection. The
complement of Fs set is a Gs set and conversely.

Example: 1. An open set in particular an open interval.
2. A closed set
3. A countable intersection of Gs set.

4. A closed interval [a, b] since
o 1 1
[a,b] = nzl(a—g,bﬁ'g).

1.53 Theorem. Let E be any set then
(@) Given ¢ > 0,3an open set O o Esuch that m*(0) < m*(E) + ¢
(b)3a Gg set G D Esuch that m*(E) = m*(G).

Proof: (a) By definition, m* (E) = inf )., l (I,), where E € U, I,

if m*(E) = oo, then clearly result is true. If m*(E) < 0, there is a countable collection {In} of open
intervals such that

EcU,Landm*(E) + € > Y,l(I,) Q)
LetO = E < U, I, thenOisanopensetand O D E
Also m*(0) =m*(E < Uy, I,)
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< > miy)

m*(0) < m*(E) + ¢ [from(1)]

(b) Take € = % vn € N Then by above part, for each n € N,3an open setO» > Esuch that

m*(0,) < m*(E) +l
n

Now define G =U;_; O,,then Gisa Gs set.
Also, since each On D E
therefore U;_; 0, D E thisimplies G D E
> m*(E) < m*(G) )
AlsoG =U;-, 0, S 0,Vn
m*(G) < m*(0,) foreach n
< m*(E) +-, foreachn
in limiting case, we have
m*(G) < m*(E) (3)
Then from (2) and (3), we have
m*(G) = m*(E).
1.54 Theorem. Let E be any set,then the following five statements are equivalent.
(i) E is measurable.
(i) For given € >0, 3anopenset O D E suchthatm*(O-E)<e
(iii) There existaset G in Gs with E < G, m*(G-E)=0
(iv) Forgivene>0,3anclosedset F c E suchthatm*(E-F)<e
(v) There existaset Fin F, with F c E, m*(E-F)=0
Proof. Ist we prove (i) implies (ii)
Let E be a measurable set.
Now two cases arrive
Case (i) m*(E) < oo.
By definition, for given €> 0,there is a countable collection {In} of open intervals such that
EcU,l,and m*(E)+e>Y,1([,)...... Q)
LetO=E c U,I,,thenOisanopensetand O o E
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Also m*(O) =m*(E € U, 1I,)

m*(0) < Xnm * (1)

m*(0) < m*(E) +¢ [from(1)]

m*(0)- m*(E) < ¢

O=(0—-E)UE

m*(0) = m*((0 — E) U E) = m*(O-E)+m*(E)

m*(0-E) = m*(0) - m*(E)

= m*(O-E)< ¢

Case (ii) If m*(E) = o0

We know that set of real number can be written as countable union of disjoint open intervals

R=U1n

n=1

=EﬂnL=J11n

n=1

Then E=ENR

= F = UEn,WhereEannIn

n=1

clearly each E, is measurable and m(E, ) is finite.
Because E, =ENnI, €I,
m*(En ) < I(ln) <co
Then by case (i), for each n € N, 3 an open set 0,, O E,, such that
m*(On- En) <
Let us define O = Ujp—, 0,
Then O is an open set containing E
Now (O-E) = Up=1 On — Un=1 By © Unoa (0 — Ey)
m*(0-E) <m*(Un=1 (On — En))
< Y= M (O — Ey)
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&€
S Z?‘Lozl Z_n

= &
= m*O-E)<e

Now (i) = (iii)

Let (ii) holds, then for each n € N, 3an open set 0,, © Esuch that
m*(On-E) <=

Let us define = N;-; 0, ,then Gisa Ggset.

Also sinceeach 0,, O E

therefore N;,-; 0, D E thisimpliesG 2 E
GE=N3-10,—ECO0,—E
m*(G-E) < m*(On-E) < %

Since n is arbitrary
m*(G-E) < 0
= m*(G-E) = 0.

Now (iii) = (i)

Let (iii) holds, then for given set E, 3 a Gs set G © E such that m*(G-E) =0
= G - E is measurable.

Now E = G- (G-E)

Now E is measurable being difference of two measurable sets.

Thus (i) & (ii) & (iii)

Now to show (i) = (iv)

Let (i) holds, and € > 0 be given

c
then by (ii), for given set E¢, 3 an open set G © E such that m*(G - E®) <e¢

C C
SinceG D E=GCE
Let F=G¢
then F is a closed set contained in E,

NOWE—F=En]g'zEfleGﬂEzG—Ec
Now m*(E-F) = m*(G-E°) <e¢
m*(E-F) <e.
To Show (iv) = (v)
Let (iv) holds, then for each n € N,3a closed set F, c E such that
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m*(E — Fn) <%

Let us define F = Uy -, F,

Then F is a E; set.

Also, sinceeach F, c E = U5 F, > FCE
NowE-F=E-U;-1E, € E—F,

= M*(E-F) < m*(E~Fn) <

= m*(E-F) <
Since n is arbitrary.
m*(E-F) <0
= m*(E-F) = 0.
Now (V) = (i)
Let (v) holds, then for general E, 3 a F; set F such that m*(E-F) =0
= E-F is measurable.
E=(E—-F)UF
= E is measurable.
This completes the proof.
(b) Take =~ Vn €N
Then by above part, for each n € N, 3 an open set 0,, © E such that
m*(On) < m*(E) +%
Now define G = Njy=, O, then G is a Gg_set.
Also since each 0,, o E
thereforeNy,-, 0, D E
thisimpliesG D E
= m*(E) <m*(G) ......(2)
Also G=N3-,0, € 0,Vn
m*(G) < m*(On) for each n < m*(E) +%, for each n in limiting case, we have
m*(G) < m*(E)...(3)
Then from (2) and (3), we have
m*(G) = m*(E).
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1.55 Theorem. Let E be a set with m* E < oo . Then E is measurable iff given € >0, there is a finite
union B of open intervals such that m*(E AB) < e.

Proof. Suppose E is measurable and let € > 0 be given. The (as already shown) there exists an open set

O o E such that m* (O- E) < % . As m*E is finite, so is m*O. Since the open set O can be written as the

union of countable (disjoint) open intervals {li}, there exists an n € N such that

S
— because m* O <)

SU(1)<S (Infactm* 0= = S 1(1) <0 = Y 1(1) <

i=n+1 2 i=n+1 i=n+1l 2
SetB=Uj-,;I;..ThenEAB=(E-B)uU(B-E)c(O-B)uU (O-E). Hence

m*(E A B) <m* (U, I;) + m*(O-E) <§ + § =¢.
Conversely, assume that for a given € > 0, there exists a finite union B = Ui-, I;. if open intervals with

m* (E AB) < €. Then using “Let € be any set. The given € > 0 there exists an open set O o E such
that m* O <m* E + € there is an open set O o E such that

mM*O<m*E+ e (1
If we can show that m* (O — E) is arbitrary small, then the result will follow from “Let E be
set. Then the following are equivalent (i) E is measurable and (ii) given € > 0 there is an openset O o E
such thatm * (O —E) < €”. Write S=U}~,(I; N 0). Then ScB and so
SAE=(E-S)u(S-E)c(E—S)u (B—E). However,
E\S=(En 0% U (ENB®) =E—B, because E — O . Therefore
SAEc(E—B)u(B—E)=EAB, and as suchm* (SAE) < € . However,
EcSU(SAE)
and so m*E<m*S+m*(SAE)
<m*S+e (i)
Also,
O—E=(0-S)U(SAE)
Therefore
m* (O\E)<m*O-m*S+ e
<M*E+e-m*S+e (using(i))
<M*S+e+e-m*S+¢e (using(ii))
<M*S+e+e-m*S+e
=3 €.
Hence E is measurable.





